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A Primer on Maximum Likelihood
Algorithms Available for Use With
Missing Data

Craig K. Enders
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University of Miami

Maximum likelihood algorithms for use with missing data are becoming common-
place in microcomputer packages. Specifically, 3 maximum likelihood agorithms
are currently available in existing software packages: the multiple-group approach,
full information maximum likelihood estimation, and the EM algorithm. Although
they belong to the samefamily of estimator, confusion appearsto exist over thediffer-
ences among the 3 algorithms. This article provides a comprehensive, nontechnical
overview of the3 maximum likelihood algorithms. Multipleimputation, whichisfre-
quently used in conjunction with the EM algorithm, is also discussed.

Until recently, the analysis of data with missing observations has been dominated
by listwise (LD) and pairwise (PD) deletion methods (Kim & Curry, 1977; Roth,
1994). However, dternative methods for treating missing data have become in-
creasingly common in software packages, leaving applied researchers with awide
range of data analytic options. In particular, three maximum likelihood (ML) esti-
mation algorithms for use with missing data are currently available: the multi-
ple-group approach (Allison, 1987; Muthén, Kaplan, & Hallis, 1987) canbeimple-
mented using existing structural equation modeling (SEM) software; Amos
(Arbuckle, 1995) and Mx (Neale, 1995) offer full information maximum likelihood
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(FIML) estimation; and at least three packages, SPSS Missing Vaues, EMCOV
(Graham & Hofer, 1993), and NORM (Schafer, 1998), incorporate the expectation
maximization (EM) algorithm. Thelatter two programsal so offer multipleimputa-
tion, as outlined by Rubin (1987).

The theoretical benefits of ML estimation are widely known (Little & Rubin,
1987), and simulation studies have suggested that ML algorithms may be superior
totraditional ad hoc missing-datatechniquesin many cases (Arbuckle, 1996; End-
ers & Bandalos, in press, Muthén et al., 1987; Wothke, 2000). Although much of
the recent missing-dataresearch hasbeen inthe areaof SEM, agreat deal of confu-
sion apparently exists over the differences among the three ML missing-dataalgo-
rithms. For exampl e, a search of the SEMNET discussion group archives revealed
alarge number of threads and requestsfor clarification during recent years, and the
frequency of these threads does not appear to be diminishing. That confusion ex-
istsis probably not asurprise and is certainly not unwarranted; the ML algorithms
appear fundamentally different in many respects, despite belonging to the same es-
timation family.

Although an extensive body of technical literature exists on ML missing-data
methods (Dempster, Laird, & Rubin, 1977; Finkbeiner, 1979; Hartley & Hocking,
1971; Little& Rubin, 1987), no singlereferenceisavailableto applied researchers
that succinctly summarizes the similarities and differences among the algorithms.
Thus, the goal of thisarticleisto provide athorough, nontechnical primer on three
widely available ML estimation algorithms for use with missing data: multiple
group analysis, FIML, and the EM algorithm. Multiple imputation algorithms,
which are frequently used in conjunction with the EM algorithm, will also be dis-
cussed.

THEORETICAL BACKGROUND

Togainafull understanding of the ML algorithms, it isfirst necessary to review the
mechanismsthat cause missing data. According to Rubin (1976), dataare missing
completely at random (MCAR) when the missing values on avariable X are inde-
pendent of other observed variablesaswell asthevauesof Xitself. That is, the ob-
served values of X are simply arandom subsample of the hypothetically complete
data. The missing-at-random (MAR) assumption provides a second, less restric-
tive, condition under which missing data can be ignored. Under the MAR condi-
tion, the probability that an observation is missing on variable X can depend on an-
other observed variableinthedataset, but not onthevaluesof Xitself. For example,
supposethat two exams, X and 'Y, are administered to agroup of examinees, anditis
found that low scoring respondents on exam X have atendency to drop out or refuse
totake exam Y. In this case, the propensity to complete exam Y depends on scores
fromexam X andisunrelated to performanceon Y. The MAR assumptionislessre-
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strictive in the sense that missing observations need not be arandom subset of the
hypothetically complete data.

Thedistinction between MCAR and MAR isimportant, because the most com-
mon missing-data methods (LD and PD) will only yield unbiased parameter esti-
mates when MCAR holds, and this assumption is frequently not met in practice
(Muthén et a., 1987). In contrast, ML methods should yield unbiased estimates
under both the MCAR and MAR assumptions. Furthermore, even when data are
MCAR, ML methods should provide more efficient parameter estimates than ei-
ther LD or PD.

From the previous discussion, the reader may wonder why only ML methods
yield unbiased parameter estimates under MAR whereas other methods do not. A
simple example involving the estimation of means should clarify this point. The
small data set in Table 1 builds on the previous MAR example involving two test
administrations, X and Y.

The pair of test scores in the first two columns represents the hypothetically
complete data set, whereas scoresin thelast two columns represent an MAR miss-
ing-data pattern; notice that data points are missing on 'Y for those low-scoring in-
dividuals on X. Table 2 shows ML estimates of mean and standard errors for the
FIML agorithm and complete-data ML following LD; the valuesin bold are ML
estimates taken from the complete data and can be viewed as the “correct” esti-
mates.

Animportant pointisillustrated in Table 2. Asseeninthetable, the FIML esti-
mates are approximately correct, whereasthe LD deletion estimates are positively
biased. Although this may seem counterintuitive at first, thereisasimple explana-
tion. On the one hand, the two exam scores are dependent on one another (r =

TABLE 1
Example of a MAR Missing Data Pattern

Complete Data Missing Data
Exam X ExamY Exam X ExamY
74 66 74 66
70 58 70 58
66 74 66 74
55 47 55 a7
52 61 52 61
a7 38 a7 38
45 32 45 —
38 46 38 —
33 41 33 41
28 44 28 —

Note. MAR = missing at random.
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TABLE 2
Mean Estimation Results (ML vs. LD)

Mean SE
X y X y
Complete 50.80 50.70 4.95 4.24
LD 56.71 55.00 5.31 4.94
FIML 50.80 50.77 4.95 4.75

Note. Valuesin bold are ML estimates taken from the complete data and can be viewed as the
“correct” estimates. ML = maximum likelihood; LD = listwise detection.

.734), and under MAR the missing values on Y are also dependent on X. Under
MAR, thisimplies that the linear relation between X and Y can be used to infer
probable valuesfor the missing-datapointson Y. In simplistic terms, the ML algo-
rithms*“borrow” information from other variables during the estimation of param-
eters that involve missing values by incorporating information from the
conditional distribution of the missing data given the observed data. In contrast,
LD utilizesonly information from the marginal distributions of X and Y during pa-
rameter estimation. As such, data from low-scoring respondents are discarded in
this example, resulting in positive bias of the mean estimates. Note that, under
MCAR, the missing values are independent of other variables in the data set, so
utilizing information from other observed variables adds nothing to the accuracy
of the estimates; it doesresult in increased efficiency, however. This point is evi-
denced by the FIML standard error estimates found in Table 2, which are lower
than the LD estimates.

Prior to discussing the individual algorithms, it is also important to note that,
like complete-data ML methods employed in SEM, the three missing-data algo-
rithmsassume multivariate normality. Thereisvirtually no research that hasinves-
tigated the effects of nonnormality on ML missing-data algorithms, but it is
reasonable to expect that these methods are no more robust to the assumption than
complete-data ML algorithms. The three algorithms are discussed in detail in the
following sections, followed by a discussion of multiple imputation algorithms.

MULTIPLE-GROUP APPROACH
An early method for obtaining ML parameter estimatesin the presence of missing

datawas given by Hartley and Hocking (1971). The application of this method to
SEM analyses was outlined by Allison (1987) and Muthén et a. (1987) and has

Notethat LD and PD would yield the samevaluefor themean of Y in thisexample. The PD mean of
Xisidentical to that generated from the complete data.
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since been referred to as the multiple-group method. In this procedure, asampleis
divided into G subgroups, such that each subgroup has the same pattern of missing
data. That is, observationswithin each of the G subgroups havethe same set of vari-
ables present and missing. A likelihood function is computed for each of the G
groups, and the groupwise likelihood functions are accumulated across the entire
sample and maximized. Although mathematically unrelated, this algorithm is
loosely analogousto PD; asubgroup g; contributesto the estimation of all parame-
ters that involve the observed data points for that group but does not contribute to
parameters that involve missing-data points.

Assuming multivariate normality, the log-likelihood function given by Hartley
and Hocking (1971) is

_;gzng[logzg+tr(ng;1)+tr(ng;1)+Cg] @

whereH = (X, =l ,)(X, —H,)". For each of the G subgroups, ng isthe number of
observations, 4 and S; are the parameter estimates and sample moments, respec-
tively, Cyisaconstant that depends on the data, and Hy containsthe vector of mean
residuals. Becausethe G subgroups have different patterns of missing data, thisim-
pliesthat theelementsof X, ,, S;,andZ | and aredifferent for each group. Toil-
lustrate, consider asimple model comprising three observed variables: X1, X2, and
X3. Furthermore, suppose a subgroup, g;, has complete data on X1 and X3, but is
missing X2. The pq and Z4 termsin the groupwise likelihood function for g; would
contain only the parameter estimates that involve X1 and X3, asfollows:

|])-11 0 O-13|:|

_ _g O
W=[u, 0 W] andz=0 0 0
@31 0 0’33@

Similarly, X, and S would contain the corresponding sample moments taken from
the ny complete observationsin g;.

Allison (1987) and Muthén et a. (1987) demonstrated how to implement
Hartley and Hocking’' s (1971) algorithm using the LISREL multiple-group speci-
fication, which maximizes the likelihood equation.

—;ing[logzgﬂr(sgzgl +Cg] 2
£
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Thisfunction is clearly similar to Equation 1, but does not include aterm for the
vector of mean residuals—LISREL does allow for the addition of a mean vector
term, however. Intheusual SEM multiple-group analysis, G groupsareformed that
represent independently sampled subpopulations (e.g., men and women), and it is
typically of interest to determine whether some specified set of parameters or pa-
rameter values are common to the G groups. In the missing-data application, the
subpopulations correspond to the G patterns of missing data required by Hartley
and Hocking's algorithm. The additional information from the groups with par-
tially recorded dataisincorporated by the specification of parameter equality con-
straints across the G groups.

Despite the wide availability of the LISREL program at the time, the multi-
ple-group method of missing-dataanalysishad practical limitationsthat prevented
itswidespread use. As pointed out by Arbuckle (1996), the LISREL specification
for the multiple-group approach required an exceptional level of expertiseand thus
was practically limited to situations in which there are only a small number of
missing-data patterns. Muthén et al. (1987) and Kaplan (1995) described situa-
tionsin which thismight occur (e.g., BIB spiraled designs), but the number of dis-
tinct missing-data patterns is often quite large in applied settings, making the
method difficult to implement.

Despite thetechnical difficulties associated with itsimplementation, the multi-
ple-group approach does have advantages. First, the method can be used to esti-
mate both just-identified (e.g., correlation, regression) and over-identified (e.g.,
SEM) model parameters. Thisisapoint of contrast with the EM algorithm, which
cannot currently be used to directly estimate linear model parameters. Second, itis
important to note that the multiple-group approach does not estimate, or impute,
missing observations, but yieldsdirect estimates of model parameters and standard
errors. Thisis an advantage, as additional corrective procedures are not necessary
to obtain standard error estimates. Third, the multiple-group approach yields the
usual chi-sguare test statistic for model fit, although the degrees of freedom and
accompanying p value are incorrect due to the use of dummy valuesin the input
covariance matrices of subsamples with missing variance/covariance elements.
However, thisiseasily remedied by subtracting the number of pseudo-valuesfrom
the degrees of freedom term. Finally, as abyproduct of the multiple-group specifi-
cation, the chi-square statistic can also be used to test the M CAR assumption. If the
MCAR assumption holds, parameter estimates across subgroups should be equal .
Thus, the chi-square difference test of the equality constraints imposed across the
G subgroups is also atest of the MCAR assumption; a statistically significant x2
value suggests that data are not MCAR.

FIML
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Two structural equation modeling software packages currently offer FIML estima-
tionroutinesfor missing data: AMOS (Arbuckle, 1995) and Mx (Neale, 1995). The
FIML approach was originally outlined by Finkbeiner (1979) for use with factor
analysisand issimilar to the multiple-group method, except that alikelihood func-
tioniscalculated at theindividual, rather than the group, level. For thisreason, the
FIML approach has been referred to as raw maximum likelihood estimation
(Duncan, Duncan, & Li, 1998; Graham, Hofer, & MacKinnon, 1996).

Like the multiple-group approach, the FIML algorithm is conceptually analo-
gousto PD (although mathematically unrelated) in the sensethat all available data
is used for parameter estimation. An examination of the individual-level likeli-
hood functionillustratesthispoint. Assuming multivariate normality, the casewise
likelihood of the observed datais obtained by maximizing the function

logL; =K; _%IOQ‘Zi‘_%(Xi “H ) (X K) ©)

where x; is the vector of complete data for case i, W contains the corresponding
mean estimates derived from the entire sample, and K; isaconstant that dependson
the number of complete-datapointsfor casei. Like l;, the determinant and inverse
of Z; are based only on those variablesthat are observed for casei. Theoverall dis-
crepancy function value is obtained by summing the n casewise likelihood func-
tions asfollows:

logL(u, %) = i loglL, 4)

Toillustrate, suppose ML parameter estimates are sought for amodel comprised of
three observed variables: X1, X2, and X3. The parameters of interest are

E)—ll 012 0-138
w=u,p, m] andz=F, o, 0,0
@31 032 033 E

Thelikelihood valuefor an observation with X2 missing would be afunction of the
two complete observations aswell asthe parameter estimatesthat involved X1 and
X3. The relevant parameters are shown in the following.
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Based on the previous examples, the mathematical similarities between the multi-
ple-group and FIML a gorithms should be apparent; the primary differenceisthat
FIML fitting functionisthe sum of n casewiselikelihood val ues, whereasthe multi-
ple-group function is the sum of G groupwise likelihood values.

Several points should be made about the FIML algorithm. First, like the multi-
ple-group approach, one of the advantages of the FIML algorithm isits applicabil-
ity to both just-identified and over-identified models. In the latter case, the
likelihood equation in Equation 3 is extended such that the first- and second-order
moments (4 and Z, respectively) are expressed as functions of some parameter
vector, y (Arbuckle, 1996). Assuch, the method is quite general and can be applied
toawidevariety of analyses, including the estimation of means, covariance matri-
ces, multipleregression, and SEM. Second, when used in SEM applications, FIML
yieldsachi-squaretest of model fit. However, the chi-square statistic generated by
FIML does not take the usual form F(N — 1), where F is the value of the fitting
function. Clearly, the chi-square test cannot be calculated in the normal fashion, as
thereisno singlevalue of N that isapplicableto the entire sample. Also, unlikethe
usual SEM fitting functions, there is no minimum val ue associated with the FIML
log-likelihood function, although the value of this statistic will increase as model
fit worsens. Instead, achi-squaretest for model fitiscalculated asthe differencein
log-likelihood functions between the unrestricted (Ho) and restricted (H1) models
with degrees of freedom equal to the difference in the number of estimated param-
eters between the two models. Third, although many popular fit indexes can be
computed under FIML, the specification of ameans structure (required for estima-
tion) renders certain fit indexes undefined (e.g., GFI). Fourth, similar to PD, indef-
inite covariance matrices are a potential byproduct of the FIML approach.
However, Wothke (2000) suggested that indefiniteness problems are less perva-
sivewith FIML than with PD. Fifth, unlikethe EM algorithm (discussed in thefol-
lowing), standard error estimates are obtained directly from the analysis, and
bootstrapping is not necessary. Finally, it isimportant to note that the FIML algo-
rithm does not impute missing values; only model parameters are estimated.

EM ALGORITHM

At least three packages currently implement the EM algorithm: SPSS Missing
Vaues, EMCOV (Graham & Hofer, 1993), and NORM (Schafer, 1998). An
early work by Orchard and Woodbury (1972) explicated the underlying method,
which they called the “missing information principle.” Dempster et al. (1977)
provided an extensive generalization and illustration of the method and named it
the EM algorithm.

The EM agorithm uses atwo-step iterative procedure where missing observa-
tions are filled in, or imputed, and unknown parameters are subsequently esti-
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mated. In the first step (the E step), missing values are replaced with the
conditional expectation of the missing data given the observed data and an initial
estimate of the covariance matrix. That is, missing values are replaced by the pre-
dicted scores from a series of regression equations where each missing variableis
regressed on the remaining observed variablesfor acasei. Using the observed and
imputed values, the sums and sums of squares and cross products are calculated.
Toillustrate, suppose amean vector and covariance matrix, 6 = (U, ), issought
for an n x K datamatrix, Y, that contains sets of observed and missing values (Yobs
and Yns, respectively). Using the observed values (Yons) and current parameter es-
timates (), the calculations for the sufficient statistics at thetth iteration of the E

step are
” - 5)
Eﬁz yulYobsve(l) Z ym =1...,K
Eﬁzy”yml °b5!6([ (y.ﬂt)yl(li C](l[q) j'k:]_’___'K
where
B if y, isobserved
yi(jt) =0 ® ) ) o
@E(yijlyobs,e ) if y, is missing
and
® g) if Yij O Y isobserved

cW =
i %o\/(yij Vil Yoper 8© ) if y, andy, are missing

Thus, missing values of y; are replaced with conditional means and covariances
given the observed data and the current set of parameter estimates.2 It should be
noted that the preceding formulas can be found in Little and Rubin (1987).

Inthe second step (the M step), ML estimates of the mean vector and covariance
matrix are obtained just asif there were no missing data using the sufficient statis-
tics calculated at the previous E step. Thus, the M step is simply a compl ete-data
ML estimation problem. The resulting covariance matrix and regression coeffi-
cientsfrom the M step are then used to derive new estimates of the missing values

2As pointed out by Little and Rubin (1987), missing values are not necessarily replaced with actual
data points, but are replaced by the condition functions of the missing values in the complete-data
log-likelihood.
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at the next E step, and the process begins again. The algorithm repeatedly cycles
through these two steps until the difference between covariance matricesin subse-
quent M steps falls below some specified convergence criterion. Readers are en-
couraged to consult Little and Rubin (1987) for further technical details.

Several points should be noted concerning the EM algorithm. First, unlike the
multiple-group and FIML approaches, the EM algorithm cannot be used to ob-
tain direct estimates of linear model parameters (e.g., regression, SEM); as cur-
rently implemented, the EM algorithm can only be used to obtain ML estimates
of a mean vector and covariance matrix. Obviously, this matrix can be used for
input in subsequent linear model analyses. Additionally, the covariance matrix
can be used to estimate, or impute, missing-data points at the final iteration. The
|atter approach may, at first glance, be appealing due to the illusion of a com-
plete data set, but there is a notable drawback associated with this practice. Al-
though the imputed values are optima statistical estimates of the missing
observations, they lack the residual variability present in the hypothetically com-
plete data set; the imputed values fall directly on a regression line and are thus
imputed without a random error component. As a result, standard errors from
subsequent analyses will be negatively biased to some extent, and bootstrap
(Efron, 1981) procedures must be employed to obtain correct estimates. Alterna-
tively, multiple imputation procedures designed to recover residua variability
are available in the EMCOV (Graham & Hofer, 1993) and NORM (Schafer,
1998) packages and are discussed next. However, it is important to note that a
correction factor is added to the conditional expectation of the missing data at
each E step to correct for this negative bias in the output covariance matrix; this
is seen in the ¢ term in Equation 5. Although no studies have compared the
impact of these two EM methods in the context of SEM, it seems reasonable to
run analyses using the output covariance matrix rather than the singly imputed
dataset.

Despitethe difficulties previously noted, the EM algorithm may be preferredin
situations where the missing-datamechanism (i.e., the variablesare assumed to in-
fluence missingness) is not included in the linear model being tested. This is be-
cause the MAR assumption discussed previously is defined relative to the
analyzed variablesin agiven data set. For example, if themissing valueson avari-
able Y are dependent on the values of another variable X, the MAR assumption no
longer holdsif X isnot included in the ultimate analysis. Thisis clearly problem-
atic for the two direct estimation algorithms, as X must be incorporated in the sub-
stantive model for MAR to be tenable. However, thisis not the case with the EM
algorithm, as the input covariance matrix used to estimate substantive model pa-
rameters may be asubset of alarger covariance matrix produced from an EM anal-
ysis. In this case, the EM mean vector and covariance matrix are estimated using
the full set of observed variables, and the elements that are of substantive interest
are extracted for future analyses. Of course, the application of the EM algorithmin



138 ENDERS

this scenario assumes that the researcher has explicit knowledge of the miss-
ing-data mechanism, which may not likely be the case in practice. Nevertheless,
the use of the EM algorithm in the manner described previously may make the
MAR assumption more plausible in certain circumstances.

MULTIPLE IMPUTATION

The primary problem associated with EM algorithmisthat thevariability inthehy-
pothetically complete data set is not fully captured during the imputation process.
Multiple imputation, as outlined by Rubin (1987), createsm> 1 imputed data sets
that are analyzed using standard complete-data methods. The m sets of parameter
estimates are subsequently pooled into asingle set of estimates using formulas pro-
vided by Rubin. The logic of multiple imputation is based on the notion that two
sources of variability arelost during the EM imputation process. Asdescribed pre-
viously, the first occurs due to regression imputation; imputed values fall directly
on the regression line and thus lack residual variability. The second source of lost
variability is due to the fact that the regression equations are derived from a
covariance matrix that is, itself, estimated with error due to the missing data. That
is, the covariance matrix used to impute valuesisone of many plausible covariance
matrices. The multiple imputation process attempts to restore the lost variability
from both of these sources. Currently, thereare at | east two widely available multi-
ple imputation programs based on the EM a gorithm: EMCOV (Graham & Hofer,
1993) and NORM (Schafer, 1998).3 Although conceptually similar, the multiple
imputation algorithms are quite different: EMCOV generates mimputed data sets
using the bootstrap technique, whereasNORM does so using Bayesian simul ation.
Following an initial EM analysis, EMCOV (Graham & Hofer, 1993) restores
residual variability by adding a randomly sampled (with replacement) residual
term to each of the imputed data points. For every nonmissing-data point in the
original data set, a vector of residuals for each variableis calculated as the differ-
ence between the actua and predicted values from the regression equations (all
other variables serving as predictors) used to impute missing values. Next, m data
setsare created by repeatedly imputing missing valuesto the original data set such
that m— 1 imputations are based on new estimates of the covariance matrix. Inthe
first step, abootstrap is performed on the original data, yielding anew data matrix
of the same dimensions as the original. Next, the bootstrapped data are analyzed
using the EM algorithm, and a new estimate of the covariance matrix is obtained.
Finally, missing valuesin the original data set are imputed using regression equa-
tionsgenerated from the new covariance matrix. Thisbootstrap processisrepeated
m— 1 times (the imputed data matrix from the original EM analysis serves asthe

SEMCOV and NORM are available at http://methcenter.psu.edu/software.html
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first of the m data sets), and residual variation is restored to the m —1 sets of im-
puted data pointsusing randomly sampled residual terms, asdescribed previously.

In contrast, NORM (Schafer, 1998) usesiterative Bayesian simulation to gen-
erate mimputed data sets. Like the EM algorithm, the NORM algorithm repeat-
edly cycles through two steps: Missing observations are imputed (the
imputation, or | step) and unknown parameters are estimated (the posterior, or P
step). However, unlike EM, the data augmentation (DA) algorithm implemented
in NORM uses a stochastic rather than a deterministic process. In the first step,
mi ssing-data points are replaced by randomly drawn values from the conditional
distribution of the missing data given the observed dataand a current estimate of
the parameter vector 0; parameter estimates from an EM analysis provide start
valuesfor thefirst iteration. Next, new parameter estimates are randomly drawn
from aBayesian posterior distribution conditioned on the observed and imputed
valuesfrom thefirst step. These new parameter values are used to impute values
in the subsequent | step, and the process begins again. Thistwo-step procedureis
iterated until convergence occurs, at which point the first of mimputed data ma-
tricesis created from afinal | step. Additional imputed data sets are obtained by
repeating the DA processm—1times. Finally, it should be noted that the stochas-
tic nature of the DA process requires a different convergence criterion than the
EM algorithm. Because DA parameter estimatesare drawn randomly from apos-
terior probability distribution, valueswill naturally vary between successiveiter-
ations, even after convergence occurs. Thus, the DA algorithm converges when
the distribution of the parameter estimates no longer changes between contigu-
ousiterations. Readersare encouraged to consult Schafer (1997) and Schafer and
Olsen (1998) for further details.

After implementing EMCOV or NORM, complete-data analyses are per-
formed on each of the m imputed data sets, and the parameter estimates from
these analyses are stored in a new file. Using rules provided by Rubin (1987), a
single set of point estimates and standard error values can be obtained; both
EMCOV and NORM include routines that will perform the necessary calcula-
tions. Two fina points should be made regarding multiple imputation. First,
Schafer (1997) suggested that adequate results could be obtained using as few as
five imputed data sets. Second, a straightforward method of obtaining SEM
goodness-of-fit tests is not currently available, although work on the topic is on-
going (Schafer & Olsen, 1998).

SUMMARY

Recent software advances have provided applied researchers with powerful op-
tions for analyzing data with missing observations. Specifically, three ML algo-
rithms (multiple-group analysis, FIML, and the EM agorithm) are widely avail-



140 ENDERS

able in existing software packages. However, the wide array of data analytic
options has resulted in some confusion over the differences among the three algo-
rithms. Assuch, thegoal of thisarticlewasto provideabrief overview of ML ago-
rithmsin hopesthat applied researcherscan makeinformed decisionsregarding the
use of ML algorithms in various data analytic settings.

To briefly summarize, the ML algorithms are built on the assumption that the
observed data contain information that can be used to infer probable valuesfor the
missing data. In simplistic terms, information is borrowed from the complete data
during the estimation of parameters that involve missing values. Like com-
plete-data ML methods, the missing-data algorithms assume multivariate normal -
ity. To contrast the algorithms, it may be useful to dichotomize the methods into
direct and indirect approaches. The multiple-group and FIML algorithms are di-
rect approachesin the sensethat linear model parameter estimates are obtained di-
rectly from the available raw datawithout apreliminary datapreparation step (e.g.,
imputation). These algorithms are applicable to a wide variety of anayses (e.g.,
means estimation, regression, SEM) and are computationally less expensive than
the EM algorithm because no additional steps are required to obtain correct stan-
dard error estimates. Additionally, tests of model fit are readily available in SEM
settings.

In contrast, the EM algorithm is an indirect approach in the sense that an addi-
tional data preparation phase is necessary to obtain linear model parameter esti-
mates. Currently, the EM algorithm can only be used to obtain ML estimates of a
mean vector and covariance matrix. The covariance matrix can subsequently be
used to estimate linear model parameters, or missing values can be imputed using
the covariance matrix from the final iteration. However, additional analyses (e.g.,
bootstrapping, multiple imputation) are necessary to recover the residual variabil-
ity lost during the imputation process. Despite the additional data analytic steps,
the EM algorithm may be preferable when the missing-data mechanism does not
appear in the substantive model.
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